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Chiroptical responses of helical superstructures are determined by collective behaviors of the
individual building blocks. In this paper, we present a full theoretical description of the collective
resonance in superstructures. We use the gold nanorods as individual building blocks and arrange
them helically along an axis in an end-to-end fashion. Numerical simulations on single-unit cells
reveal that the plasmonic coupling between the nanorods produces hybridized resonances, whose
intensity is strongly dependent on the excitation light with left- or right-handed circular polarizations
(LCP or RCP). A node-mode criterion is proposed on the basis of the microscopic mechanism, which
successfully explains the difference between LCP and RCP. We further demonstrate, by repeating
the unit cell from 1 to infinity along the helical axis, the multiple hybridized resonances gradually
evolve and merge into a single collective resonance, whose energy is also dependent on LCP and RCP.
An analytical description is provided for the collective resonance of the helical superstructure on the
basis of the coupled dipole approximation method. Our theory shows that n collective resonance
modes are present in the helical superstructure with the unit cell consisting of n nanorods. Strikingly,
only one resonance can be excited by the incident light with certain circular polarization. We propose
a universal selection rule for such selective excitation of the collective resonances by analyzing the
symmetry of the helical superstructures. The new insights provided in this work may shed light on
future designs and fabrications of helical superstructures using plasmonic building blocks.
I. INTRODUCTION
Chirality refers to a symmetric property possessed
by a category of objects that cannot be superimposed
with their mirror images like our hands. These ob-
jects include amino acids,proteins, sugar molecules, and
etc. Chirality is able to manifest itself optically by re-
sponding differently to incident light with left- or right-
handed circular polarizations (LCP or RCP), giving
rise to differential absorption called circular dichrism
(CD)[1]. CD spectroscopy serves as a powerful tool in
the field of chemistry, biochemistry, biology, and physics
for probing the stereoscopic information of the chiral ob-
jects, such as secondary structure and conformation of
macromolecules[2, 3]. However, the CD responses of nat-
ural molecules are relatively weak due to the small elec-
tromagnetic volume, which handicaps its further appli-
cations.
For a chiral molecule, the chirality stems from a time-
even pseudoscalar, the rotational strength, which can be
represented by the imaginary part of the dot product
of an electric dipole p (time-even vector) and a mag-
netic dipole m (time odd pseudovector)[4, 5]. The en-
hancement of chiral response by the local electric field
E and magnetic field B, is proportional to a local pa-
rameter C, the optical chirality (OC) of the electro-
magnetic field[6, 7]. Therefore, the CD responses of
the small molecules can be greatly enhanced by gen-
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erating superchiral electromagnetic fields[8]. Recently,
plasmonic analogs of chiral molecules have stimulated
significant scientific interests for understanding and en-
hancing the CD responses of the small molecules[9–15].
The main reason is the extremely large dipole strength
of plasmonic nanoparticles that are associated with plas-
monic oscillations of the quasi-free conduction electrons.
While the electronic or vibrionic excitations of the sec-
ondary structures account for the chiroptical responses
in natural molecules, plasmonic oscillations of conduc-
tion band electrons endow unique chiroptical responses
to metallic chiral nanostructures with flexibility in vary-
ing their shapes, sizes, configurations, or compositions.
They are promising in the applications of enhancing
the CD responses of molecules nearby[16–18], as well as
novel circular polarization-selection optical devices[19–
21]. Substantial efforts have been devoted to the de-
signs and fabrications of three-dimensional (3D) plas-
monic structures, which include both top-down[22–29]
and bottom-up approaches[30–58]. Examples range from
chiral nanostructures[19, 28] to the chiral arrangement
of a achiral building blocks such as gold nanospheres[36–
44], nanorods[21, 45–56] and both[29, 35]. It is worth
noting that pronounced CD responses can also be ob-
served in two-dimensional (2D) achiral structures excited
normally[59, 60] or obliquely[61–63] by the incident CPL.
In principle, a common essential feature of all the afore-
mentioned configurations is the geometric chiral varia-
tions on the propagation direction of the incident circu-
larly polarized light (CPL).
One interesting feature of the plasmonic analogs of chi-
ral molecules is their collective resonance, which is the
sum effect contributed by individuals in an array or a
superstructure. The collective resonance has been con-
sidered as an important factor for generating sharp spec-
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2tral features in the optical response[64]. While the ge-
ometric chiral configuration of individual structures has
a remarkable impact on their chiroptical response, the
overall chiroptical response of a helical superstructure
is actually determined by the collective behavior of the
individuals, which is dependent on their distance and
mutual orientations. Individual features will diminish
and give way to the collective ones when the individual
unit is repeated to form a superstructure. Some heli-
cal structures with multiple pitches have been success-
fully prepared experimentally[19, 35–41, 51–55]. Unfor-
tunately, only a few reports concern the theoretical as-
pects of the collective resonance in the plasmonic helical
superstructures[65–68]. In recent years, gold nanorods
have been chosen as the building blocks for plasmonic
helical superstructures. They are ideal candidates for
a model system with chirality because they exhibit the
longitudinal plasmonic mode featured by dipolar oscilla-
tion specifically along their long axis[21, 45–56]. Gold
nanorod helical superstructures can be classified into
weak and strong coupling cases, respectively correspond-
ing to the lateral and longitudinal arrangements (FIG. 1).
The chiroptical responses from the laterally[12, 69] and
longitudinally[63] arranged nanorod dimers have been
analyzed in detail. Recently, we have provided a straight-
forward explanation for the chiroptical response from
the helical superstructure of the lateral arrangement[54].
However, a simple model to describe the chiroptical re-
sponses of the superstructures is still in vain.
Herein, we provide a detailed theoretical description
for collective resonance in typical helical gold nanorod
superstructures. We consider the strong coupling case
where adjacent nanorods are longitudinally arranged in
an end-to-end fashion. The strong coupling is interest-
ing and worthy of investigation because its chiroptical
response is much stronger than the weak coupling case.
The nanorods in the unit cell are helically arranged in
an end-to-end fashion and form a circle when projected
to the x-y plane (FIG. 1). The unit cell is repeated in
the z-direction to form a helical superstructure. Numer-
ical simulation was firstly started with single-unit cells
formed by three and four nanorods by employing a fi-
nite element method (Comsol Multiphysics). To explain
the difference of the chiroptical responses between LCP
and RCP, we proposed a simple node-mode criterion on
the basis of the microscopic mechanism. The simulation
was further continued with a superstructure formed by
repeating the unit cell along the helical axis. The evo-
lution of the chiroptical response was investigated when
the number of unit cells was gradually increased from 1
to infinity. We provided an analytical description for the
collective resonance mode of the infinite helical structure
on the basis of the coupled dipole approximation (CDA)
method (see APPENDIX), and a selection rule for the
selective excitation of the collective resonances by ana-
lyzing the symmetry of the helical superstructure. Com-
pared to other theoretical models based on CDA[66, 68]
or based on full-electrodynamic layer-multiple-scattering
FIG. 1. Schematic illustration of gold nanorod helical super-
structures with lateral and longitudinal arrangements. The
unit cell consists of two side-by-side or end-to-end assembled
nanorods, which exhibiting chiroptical response under the ex-
citation of CPL. The unit cell consisting of n nanorods is
repeated in the z-direction to form a helical superstructure.
The bottom of the figure shows that the n nanorods form
a circle with an in-plane angle ϕ0n =
2pi
n
between adjacent
nanorods when projected to the x-y plane.
(LMS) method [65], our model is much straightforward
in investigating light interaction with helix structures, as
we can reduce the degree of freedom by fixing the dipole
orientation of each nanorod along their longitudinal axis.
Our model allows one to predict the resonance energy of
the collective mode of a well-defined superstructure and
their optical response qualitatively without calculating
the whole spectrum. Besides, this model can be general-
ized to more general cases by simply changing the states
of incident light or the orientations and locations of the
gold nanorods. Our new insights may open up a new
way not only for future designs and fabrications of heli-
cal superstructures using plasmonic building blocks, but
also for the study of chirality interaction in other low
dimensionnal systems.
II. NUMERICAL SIMULATION
We investigate the strong coupling case in the longitu-
dinal arrangement as an example in this work ( the right
panel in FIG. 1). The unit cell of the superstructure is
formed by n discrete nanorods, and for simplicity, n is
set to be an integer larger than 2. The nanorods cir-
cles around the axis of the helix (z-axis) with an orbital
radius of and displacement of Dz/n on the z-direction,
3where Dz is the helical pitch. The n nanorods form a
circle with an in-plane angle ϕ0n =
2pi
n between adjacent
nanorods when projected to the x-y plane. Therefore, the
primitive cell must be a complete circle of a certain num-
ber of nanorods when projected to the xy plane. They
are tilted out of the x-y plane at a helix angle of θ so that
the nanorods are arranged longitudinally. It requires the
pitch length is determined jointly by the length of the
nanorods, the helix angle, and the gap distance between
adjacent nanorods. The superstructure is formed when
the unit cell is repeated and sequentially placed along the
z-axis. A valid helical superstructure of the longitudi-
nally arranged nanorods requires that the orbital radius
and the pitch of the helix Dz must obey the following
relations
R =
1
2
tan
β
2
 2r + δ√
tan2 θ + sin2 β2
+ l cos θ
 , (1)
and
Dz/n = l sin θ +
 (2r + δ) tan θ√
tan2 θ + sin2(β2 )
 , (2)
where L and r represent the length and radius of the
nanorod respectively, β = pi − ϕ0n, l = L − 2r, and δ is
the gap distance between adjacent nanorods.
We begin our simulation with the simplest single-unit
cell formed by three nanorods with a right-handed ar-
rangement is considered. The finite element method
(FEM, Comsol Multiphysics) was employed to investi-
gate the chiroptical response of the helical structure. The
nanorod was modeled as a cylinder with two hemispheres
at both ends, with the diameter r and length L set as 6
and 40 nm respectively. The nanorods are surrounded
by a homogeneous medium (in our paper, the medium
is water with a refractive index of 1.33). The gap dis-
tance between adjacent nanorods is 1 nm, and the helix
angle is 30◦. The Dz and R will be 122.20 (141.55) and
13.45 (20.62) nm for the superstructure is formed by 3 (4)
discrete nanorods. For sake of simplicity, we only con-
sider the situation that the CPL propagates along the
direction of the helical axis. FIG. 2 shows the FEM-
simulated extinction spectra of the single-unit cell under
the excitation of incident light with LCP and RCP. It
can be seen that three resonance peaks locate at 1.40,
1.64, and 1.82 eV are present in the extinction spectra
due to the hybridization of plasmonic resonances of the
gold nanorods[70]. Please noted that their intensities of
those three resonance peaks are remarkably different un-
der LCP and RCP excitations. The LCP resonance peak
at the highest energy of 1.82 eV exceeds that of the RCP,
while at the other two lower energies of 1.64 and 1.40 eV
the RCP response is stronger. To elucidate this polar-
ization dependence of the resonance, the charge distri-
bution profiles of the helical structure are plotted at the
three resonance energies for the LCP and RCP excita-
tions. As shown in FIG. 2, the LCP and RCP excitations
FIG. 2. FEM-simulated chiroptical responses of the single-
unit cell consisting of three nanorods. The extinction spectra
of the single-unit cell excited by LCP (blue line) and RCP
(red line) exhibit three hybridized resonance peaks located
at 1.40, 1.64, and 1.82 eV, respectively. The middle panel
of the figure demonstrates the charge distribution profiles of
the helical structure at the three hybridized energies with the
LCP and RCP excitations. The number of anti-bonding and
bonding nodes, na and nb, are counted and compared at the
three hybridized resonance energies. The green dotted line
on the left panel of the figure indicates the opening position
of a single spiral structure, and the thickness of the arrow
indicates the strength of the oscillation mode of the dipole. In
our simulations, the diameter and length of the gold nanorods
were set at 12 and 40 nm respectively. The refractive index
of the ambient medium was set at 1.33. The gap distance
between adjacent nanorods is 1 nm, and the helix angle is
30◦.
do not have a significant difference in charge oscillation
modes. However, the oscillations at different energies are
remarkably distinctive. Analysis of the nodes formed by
two adjacent nanorods will help us to get a deep insights
into the oscillation modes as well as their corresponding
chiroptical response under certain excitations[63]. Each
node can deemed as a capacitor separated by a small
gap where the charge distributions of proximal ends are
either the same or opposite in sign, which is defined as
the anti-bonding or bonding modes of the node in a simi-
lar way as the V-shaped nanorod dimers[63]. In this way,
oscillating modes can be readily identified and analyzed
in a complicated helical structure comprising multiple
nodes. For example, two nodes can be identified for the
helical structure investigated here, and the node-modes
can be either bonding or anti-bonding. In our paper, na
and nb represent the number of anti-bonding and bond-
ing nodes, respectively. At the highest hybridized en-
ergy 1.82 eV, all the three nanorods behave as electric
dipoles with the charge oscillation along their long axes,
and adjacent nanorods oscillate in the opposite phase cor-
responding to anti-bonding mode at each node (FIG. 2).
Therefore two anti-bonding nodes are present and nb = 2
(FIG. 2), which results in the highest resonance energy.
At the moderate energy 1.64 eV, two rods at the ends
of the helix oscillate as electric dipoles in the opposite
phase, which induces a quadruple oscillation in the mid-
dle rod. Thus this scenario can be seen as two bond-
4ing nodes oscillating in the opposite phase, and nb = 2,
which results in lower resonance energy. At the lowest
energy 1.40 eV, the chiroptical response and the oscilla-
tion modes strongly depend on the polarization. Under
the excitation of RCP, strong and weak bonding nodes
in the same phase are present, resulting in a net sum ef-
fect of the bonding mode as well as the lowest resonance
energy. As for LCP, the mode contains a dipole asym-
metrically coupled to a weak bonding node, which is so
inefficient that the resonance peak is hardly observable.
FIG. 3. FEM-simulated chiroptical responses of the single-
unit cell consisting of four nanorods. The extinction spectra
of the single-unit cell excited by LCP (blue line) and RCP
(red line) exhibit four hybridized resonance peaks located at
1.34, 1.54, 1.72, and 1.82 eV respectively. The charge distri-
bution profiles of the helical structure are plotted at the four
resonance energies for the LCP and RCP excitations. The
number of anti-bonding and bonding nodes, na and nn, are
counted and compared at the four resonance energies.
We further consider a single-unit cell comprising four
nanorods with the right-handed arrangement. Simula-
tion parameters of the helical structure including the gap
distance and helix angle are the same as the case of three
nanorods. FIG. 3 shows the FEM-simulated extinction
spectra under the excitation of incident light with LCP
and RCP, where four resonance peaks are excited re-
spectively at 1.34, 1.54, 1.72, and 1.82 eV. It can be
noticed that the two hybridized resonances at the high-
est (1.82 eV) and the lowest (1.34 eV) energies response
only to LCP and RCP respectively, while the other two
resonances at the energies of 1.72 and 1.54 eV response
to both and are in favor of LCP and RCP respectively.
The charge distribution profiles (FIG. 3) illustrate that
most of the nanorods behave as dipoles which oscillate in
different modes corresponding to the resonance energies.
In order to characterize these modes, we perform detail
analysis of the aforementioned node. Three nodes are
present in the structure of four nanorods. At the highest
energy of 1.82 eV, the nodes are respectively bonding,
anti-bonding, and anti-bonding from bottom to top and
therefore (na, nb) = (2, 1). At 1.72 eV, two anti-bonding
nodes are separated by a bonding node. Although the
values of na and nb are the same as those at 1.82 eV, the
resonance energy is lower because the bonding node in
the middle provides a channel for the two anti-bonding
nodes to communicate. In contrast, at 1.82 eV the two
anti-bonding nodes are interconnected to each other ac-
counting for its highest resonance energy. At 1.54 eV,
(na, nb) = (1, 2), and therefore the resonance energy is
further lowered. At 1.34 eV, only three bonding nodes
are identified resulting in the lowest resonance energy.
A close investigates at the spectra and the charge os-
cillation modes lead to the direct correlation between
the polarization-dependent excitation efficiency and the
node oscillation modes. Our previous work reveals that
in case of right-handed configuration (formed together
by the incident beam and the dimer), the RCP excita-
tion efficiency of the bonding mode is higher than the
LCP, and that of the LCP is higher for the anti-bonding
mode[63]. Therefore, in cases of na > nb, the LCP exci-
tation efficiencies must always be higher than the RCP,
where the relation of Cext,L > Cext,R is valid, and vice
versa. On the basis of this simple criterion, one can
readily judge the excitation efficiency of LCP and RCP
at a certain resonance frequency by counting and com-
paring the numbers of na and nb. For example, as dis-
played in FIG. 3, at 1.72 and 1.82 eV, (na, nb) = (2, 1),
and the response of LCP is much stronger than the
RCP, while at 1.34 and 1.54 eV, (na, nb) = (1, 2) and
(na, nb) = (0, 3), the response of RCP is stronger. This
criterion is universal and works well for other he-
lical structures. As illustrated in FIG. 2, at 1.82 eV,
(na, nb) = (2, 0), and Cext,L > Cext,R , while at 1.40 and
1.64 eV, (na, nb) = (0, 2), Cext,L < Cext,R. Although at
1.64 eV quadruple mode is excited in one of the nanorods,
the criterion is still valid in determining the excitation ef-
ficiency.
We propose a microscopic mechanism for describing
the node-mode criterion on the basis of the under-
standing of the chiroptical response from the V-shaped
nanorod dimer under oblique excitation[63]. The helical
structure investigated here can be viewed as a stack of
V-shaped nanorod dimers oriented and tilted in sequence
at varying angles. The V-shaped nanorod dimer, when
tilted to the incident CPL, exhibits distinctive chirop-
tical responses at hybridized bonding and anti-bonding
resonance energies depending on the symmetry of the
hybridized oscillation and its relative orientation to the
incident light. In the view of the incident CPL, the two
nanorods are placed one after another with their dipole
moments parallel or antiparallel to the spatial evolution
of the electric field vectors of the CPL, resulting in a dis-
tinctive chiroptical response. This picture is analogous
with the Born-Kuhn model for the L-shaped nanorod
dimer with vertical displacement[23]. In the case in-
vestigated here, the dipole moments of the anti-bonding
modes are favorable of LCP, while on the contrary, those
of the bonding modes are favorable of RCP. The helical
structure comprises a number of nodes on either bond-
ing or anti-bonding modes with each node contributing
equally to the chiroptical response of the structure, and
5therefore the evaluating of the response at a certain po-
larization state can be performed by counting and com-
paring the numbers of the bonding and anti-bonding
nodes.
FIG. 4. The chiroptical responses of two successive unit cells
( the single-unit cell consisting of three nanorods) from FEM-
simulation. (a) The extinction spectra of the helical structure
under the excitation of incident light with LCP (blue line) and
RCP (red line) shows six hybridized peaks are located at 1.31,
1.43, 1.56, 1.68, 1.79, and 1.84 eV, respectively. (b) LCP
and RCP charge distribution profiles of dextrorotatory and
levorotatory nanostructures at 1.56, 1.68, and 1.79 eV. The
numbers of nodes (na, nb) at these energies are (3,2), (2,3),
and (1,4), respectively. (c) CD spectra of the dextrorotatory
and levorotatory helical structures.
To further verify the above criterion, we continue with
a helical structure consisting of two successive unit cells.
The unit cell is formed by three nanorods as described
before. Six hybridized peaks are excited respectively at
1.31, 1.43, 1.56, 1.68, 1.79, and 1.84 eV in the extinc-
tion spectra (FIG. 4a). Among the hybridized peaks, the
peaks located at 1.56, 1.68, and 1.79 eV are significantly
stronger, and hence the charge distribution profiles of
LCP and RCP at these energies are depicted in FIG. 4b.
The numbers of nodes (na, nb) at these energies are (3, 2),
(2, 3), and (1, 4), respectively, which suggests LCP dom-
inating at 1.56 eV, and RCP dominating at 1.68 and
1.79 eV. This prediction based on the criterion again
agrees well with the relative intensities of the LCP and
RCP peaks in the spectra. Moreover, we also consider
the case of the left-handed (levorotatory) helix structure.
With the same status of the nodes, a vertically mirrored
CD signal is obtained (FIG. 4c) indicating the opposite
form of the criterion in the left-handed configuration.
A key feature of the end-to-end assembled nanorod
FIG. 5. Investigation of the gap-dependent chiroptical re-
sponses by FEM-simulation. (a) Gap distance-dependent ex-
tinction spectra of the helical structures (the same configu-
ration as FIG. 4) excited by LCP (blue line) and RCP (red
line). The gap distance is increased from 1 to 20 nm. (b)
Corresponding CD spectra of the helical structures. The hy-
bridized peaks almost disappear at the gap distance at 20 nm,
which indicates that only the dipolar oscillation of individual
nanorods is present in the helical structures at large gap dis-
tance.
helical structure is the distance-dependent coupling be-
tween adjacent nanorods. To investigate the effect of the
coupling strength on the resonances, we present in FIG. 5
the gap distance-dependent extinction spectra of the he-
lical structures consisting of two successive unit cells. For
a small gap distance of 1 nm, the nanorods are coupled
strongly to each other, giving rise to strongly hybridized
resonance modes, where dipolar or higher-ordered oscil-
lations in individual nanorods are present. With the in-
crease of the gap distance, the coupling and the multiple
hybridized resonance peaks tend to merge into a single
one (FIG. 5). At the largest gap distance of 20 nm, a
single resonance peak with no trace of hybridization is
observable, where only dipolar oscillation in individual
nanorods is present. This scenario is analogous to the
nanorod helical structures with the lateral arrangement,
and the chiroptical response is solely determined by the
orientations of the nanorods in the helical structure[54].
In the previous sections, we have investigated the
nanorod helical structures consisting of only one or two
unit cells. When the number of the unit cell, U , is in-
creased, one may naturally expect richer features of the
optical response from the structure, as the complexity of
the structure and the opportunities of the inter-particle
coupling are increased. However, the system will also
become more symmetric, and hence strong inter-particle
coupling leads to a collective mode dominating in the
helical structure. Competing with collective resonance,
those of the individuals become less significant. In or-
6FIG. 6. Investigation of the chiroptical responses on the num-
ber of the unit cell by FEM-simulation. Left panel: Evolution
of the LCP and RCP extinction spectra of the helical struc-
tures when the unit cell is repeated along the helical axis and
forms a superstructure. The number of the unit cell is 1, 2, 3,
4, 5, and infinity from the top to the bottom. In this case, one
of the unit cell consisting of three nanorods (the same config-
uration as FIG. 2). Right panel: Evolution of corresponding
CD spectra. Please noted that the hybridized peaks tend to
merge into a single peak when the number of the unit cell
continues to increase. For helical structure contains five cells,
the hybridized peaks almost disappear. For an infinite helical
superstructure, a stand-alone single peak can be observed at
1.66 (1.80) eV for RCP (LCP).
der to clearly depict this evolution of the resonance, the
unit cell consisting of three nanorods is repeated along
the helical axis and a superstructure is formed. FIG. 6
shows the FEM-simulated results for such an evolution
from U = 1 to infinity. In a single-unit cell, the reso-
nance of the nanorod splits into three distinctive modes
due to strong hybridization. The mode at the highest
energy is dominated by LCP, while the other two modes
at lower energies are dominated by RCP. When the he-
lical structure contains two successive unit cells, six hy-
bridized peaks are observable in the spectrum and they
tend to merge into a single peak at energy depending on
LCP and RCP. Further merging of the peaks is observed
when the number of the unit cell continues to increase.
When the helical structure contains five cells, the peaks
are merged together so that the shoulders of the peak
are not so obvious. Finally, for an infinite helical super-
structure, a stand-alone single peak can be observed at
1.66 (1.80) eV for RCP (LCP), indicating the pure char-
acter of RCP (LCP).
The evolution of the modes in the helical structure can
be explained qualitatively. Strong hybridization dom-
inates in the single-unit cell, which gives rise to well-
defined hybridized modes at discrete energies. In a he-
lical structure with a few unit cells, a collective mode
driven by nanorods in the middle part of the chain starts
to appear due to the periodic feature of the chain while
the nanorods near the ends of the chain still exhibit in-
dividual characters. The hybridization is weakened as
more nanorods participate in the collective mode, which
results in frequency detuning by off-resonance oscillation
as well as smaller gaps of the hybridized energies. When
the number of the unit cells is further increased, the off-
resonance effect becomes more significant, resulting in
the merging of the resonance peaks and appearance of
the collective mode. Finally, for an infinitely long helical
superstructure, the collective mode dominates and sur-
passes all the hybridized modes with individual features,
resulting in a single resonance peak in the spectra. As the
collective mode is determined by both the symmetry of
the helical structure and the circular polarization of the
incident light, it responses exclusively to LCP or RCP at
different frequencies, and hence this well-defined polar-
ization dependence leads to the characteristic dip-peak
signature of the CD signals.
III. GENERLIZED THEORY AND DISCUSSION
FIG. 7. Model of helical dipoles used in the CDA calcula-
tion. Each nanorod in the helical structure is modeled as a
dipole located on the helix and orients along its tangent with
a certain gap.
According to the aforementioned numerical simula-
tions, we learn that the helical superstructure possesses
a collective resonance at a specific energy, which depend-
ing on the LCP or RCP of the incident light. However,
the origin of the selection rule of the collective resonance
mode is still elusive. To have a generalized theory to
describe the resonance mode in the helical superstruc-
ture, we propose an analytical model by employing the
CDA approach to theoretically describe the collective res-
onance and its interactions with the CPL[71].
7For sake of simplicity, in the following equations, the
bold letters denote vectors, Dirac-notation represents the
product of polarizations and dot-notation represents the
product of the phase. In our CDA calculation, each
nanorod is small enough to be modeled as a dipole and
ignore the lateral coupling between adjacent nanorods.
The gold nanorods in the helical structure are located
at:
rj = R cosϕjex +R sinϕjey +Rϕj tan θez, (3)
where j donote the j−th nanorod and it orients along the
tangent of the helix(FIG. 7),
ej = − cos θ sinϕjex + cos θ cosϕjey + sin θez. (4)
Only the longitudinal oscillation is considered in our the-
ory, and hence the dipole and polarizability tensor of each
nanorod can be expressed as:
pj = pje,
αj = α0ejej .
(5)
Where pj is the strength of the j-th dipole and α0
is the major polarizability which can be obtained by
the Rayleigh-Gans Approximation. Considering a one-
dimensional periodic array consisting of n dipoles spaced
by a displacement of D, one can express the basic unit
state of the dipole polarization as:
P = [p1 p2 . . . pn]
T
, (6)
and it satisfies the self-consistent coupled equation[64,
72, 73]:
α−1P = E + S(k ·D)P. (7)
Here α is a diagonal matrix containing the electric polar-
izability of each dipole:
α =

α1 0 . . . 0
0 α2 . . . 0
...
...
. . .
...
0 0 . . . αn
 , (8)
and
E = [E1 E2 . . . En]
T
(9)
represents external electric fields acting on the dipoles.
S(k ·D) =
N=+∞∑
N=−∞
G(ND) exp(iNk ·D), (10)
is the sum of the interactions over all the dipoles both on
the target and replica units, where exp(iNk ·D) denotes
the Bloch’s phase shift of the N -th replica unit and the
matrix G(N ·D):
G(ND) =

G(r1, r1 +ND) G(r1, r2 +ND) . . . G(r1, rn +ND)
G(r2, r1 +ND) G(r2, r2 +ND) . . . G(r2, rn +ND)
...
...
. . .
...
G(rn, r1 +ND) G(rn, r2 +ND) . . . G(rn, rn +ND)
 , (11)
contains all the Green tensors between the target and the
N -th replica unit, separated by a displacement of ND.
By defining effective polarizability as:
α−1eff = α
−1 − S(k ·D), (12)
Eq. (7) can be written as:
α−1eff P = E. (13)
Once this self-consistent equation is solved, we can cal-
culate the cross-sections of extinction, absorption, and
scattering of the system. On the basis of Eq. (13), the
dispersion for the collective modes can be represented
by[74–76]
Det[α−1eff ] = 0. (14)
To obtain a clear physical picture of collective reso-
nance modes, we calculate their dispersions as well as
thier interactions with CPL. Four infinite helical super-
structures with n = 3, 4, 5, and 6 are investigated.
ln[|Det(α−1eff )|−1] is evaluated and contoured as a function
of in FIG. 8a. For simplicity, the loss in the nanorods is
neglected in the CDA calculation, and the vertical dis-
tance between the nearest dipoles in all the structures is
set at 30 nm. Since the structure is a one-dimensional
periodic structure, the summation is able to converge,
we truncate the infinite sum of Eq. (10) by setting the
interval of N with N ∈ [−30, 30]. The bright stripes
represent the dispersions of the resonance modes. In to-
tal n collective resonance modes are excited for the he-
lical superstructure formed by the unit cell consisting of
n nanorods. The dispersions of the resonance modes are
separated from each other in frequency but intersect with
each other at the edges of kz. To be more precise, the
8FIG. 8. CDA calculation of the of collective resonance modes.
In our calculations, each gold nanorod is approximated as a
prolate ellipsoid. the major and minor radii of the ellipsoid
were set as 6.1 and 22.265 nm respectively. The vertical dis-
tance between the nearest ellipsoid in all the structures is
set at 30 nm. (a) Dispersion contours of collective resonance
modes in infinite helical superstructures. The investigated
helical superstructures with n = 3, 4, 5, and 6 are presented
from left to right. The dispersion curves with azimuthal in-
dex m are plotted as the dashed lines in different colors. The
light cone is shown as the white dashed line. The selection
rule determines the active mode under the excitation of LCP
or RCP. (b) Corresponding extinction spectra under the ex-
citation of LCP (blue) and RCP (green).
dispersions of the resonance modes are separated in half
of the Brillouin zone. The spectra of extinction cross-
section are calculated and plotted for LCP and RCP on
the basis of the CDA model (FIG. 8b).
Next, we continue our discussion with the mode anal-
ysis for the helical superstructure on the basis of symme-
try. Besides the translational symmetry, the superstruc-
ture possesses the symmetry element related to the he-
lical structure, and hence the collective resonance mode
should represent the additional symmetry features other
than the Bloch’s phase shift from the translational sym-
metry. For the helical superstructure formed by the
unit cell consisting of n nanorods, the symmetry can
be viewed as a combination of an n-fold rotation R2pi/n
and a translation TDz/n along the rotation axis. In the
meanwhile, the periodic symmetry requires the relation
(TDz/n · R2pi/n)n = TDz . Applying these operations on
any scale field Ψ,
(TDz/n ·R2pi/n)nΨ = TDzΨ
→ Ψ exp(ikmDz + i2mpi) = Ψ exp(ikmDz).
(15)
where 0 ≤ km ≤ 2pi/Dz, and m = 0, 1, . . . , n − 1.
Obviously, all the irreducible representations of the helix
group are one-dimensional. From Eq. 16, one can easily
find that the l-th character of the m-th irreducible repre-
sentation can be expressed as exp[il(kmDz/n+2mpi/n)].
By using the projection theorem of the group theory[77],
we get n eigenmodes for the helical chains of the dipoles,
and the m-th mode labeled by azimuthal index m can be
written as:
pmj ej = p
m
0 exp[i(kpzj +mϕj)]ej . (16)
Here we choose coordinates z0 = 0 and ϕ0 = 0, and
then we have zj = jDz/n and ϕn = j2pi/n for the j-th
particle.
Now we consider the collective oscillation excited by
the CPL propagating along the z-direction. In this case,
the dipole polarization can be expressed as the linear
superposition of the helical eigenmodes:
pj =
∑
m
Cmp
m
j , (17)
where Cm is the expansion pre-factor. Employing the
CDA approach for each dipole leads to:
pi
α0
−
∑
j 6=i
〈ej |G(ri, rj) | ej〉 pj = 〈ei |Ei〉 . (18)
We then have∑
m
Cmp
m
0 exp[i(kpzi +mϕi)]
1
αmeff
= 〈ei |Ei〉 , (19)
where
1
αmeff
=
1
α0
−
∑
k 6=0
〈ei |G(ri, ri+k) | ei+k〉 exp[i(kpzk +mϕk)]
(20)
is independent of the particle label due to the helical
symmetry, and it can be viewed as the effective polariz-
ability of each dipole for the m-th helical mode.
So far, we have described the collective resonance
eigenmodes of the helical superstructure. Based on the
derivation, one can identify these modes by solving the
equation (αmeff)
−1 = 0 numerically. They are plotted in
FIG. 8a as dashed lines representing the dispersion re-
lations for modes with a different azimuthal index of m.
As expected, a good agreement is found between the dis-
persion curves of m-th resonance mode and the bright
stripes in the contour. The interactions of these modes
with the incident light can be represented as the inter-
section between the light cone and the dispersion curves.
The light cone intersects with all the dispersion curves,
suggesting the possibility of exciting all the modes by the
planar light waves. However, considering certain hand-
edness of the incident light, LCP or RCP, we have to
include it into our calculation.
The incident field of the CPL at the location of i-th
dipole can be expressed as
Ei = eσ exp(ikzi), (21)
where eσ =
1√
2
(ex + iσey) are circular polarization vec-
tors, with σ = ±1 representing the LCP or RCP, respec-
tively. Using these vectors, the direction of each dipole
polarization can be written as
ei = −icos θ√
2
∑
σ=±
σ exp(−iσϕi)eσ + sin θez, (22)
and hence we have
〈ei |Ei〉 = iσ cos θ√
2
exp(ikzi + iσϕi). (23)
9By substitute Eq. (23) into Eq. (19), we have∑
m
Cmp
m
0 exp[i(kpzi+mϕi)]
1
αmeff
= iσ
cos θ√
2
exp[i(kzi+iσϕi)].
(24)
Eq. (24) must hold for the i-th dipole in the infinite
array, which requires the phase of both sides of the equa-
tion should match. Therefore for Cm 6=0, we have kp = k
and a selection rule of excitation (σ = 1, m = 1; σ = −1,
m = n − 1). It means that only one mode can be ex-
cited by the CPL among the n collective helical modes,
depending on the handedness of the incident CPL. Ac-
tually, this requirement by the phase match determines
that only one mode can be effectively excited and hence
be active, which is confirmed by the single peak in the
spectrum from either numerical simulation (FIG. 6) or
CDA calculations (FIG. 8b). Our result shows that the
resonance energies of the peaks fit with the intersections
between the light cone and the dispersion curve labeled
by m = 1 for LCP and m = n − 1 for RCP (FIG. 8).
With the dispersion relation and the selection rule, one
can simply predict the resonance energy of the collective
mode of a well-defined superstructure without calculat-
ing the whole spectrum.
At last, we should mention that our model is not only
restricted to the simple case in this study, where the cir-
cular polarization light is interacting with the end-to-end
gold nanorod helix structure. Expanding to more general
cases is straightforward and we will not go into details
in this paper. For instance, one can simply replace the
circular polarized incident field in Eq (21) with optical
helix beam to study the orbital angular momentum inter-
action of light with our gold nanorod end-to-end helical
structures, or modify the related positions in Eq (3) or
orientations in Eq (4) of each nanoparticles to investigate
the optical response of more complicated structure.
IV. SUMMARY
In conclusion, we have provided a detailed theoretical
description for the collective resonance in a typical helical
gold nanorod superstructures. Such helical gold nanorod
superstructures may be realized in the future by using
the methods of self-assembly, such as DNA-origami di-
rected assembly. Numerical simulations reveal that the
significantly well separated strong coupling in different
resonance modes. Such resonance modes are in favor of
certain circular polarizations, depending on their charge
profiles on the nodes, thus resulting in a strong chiropti-
cal response. With the increase of the helical periods, the
hybridized resonance peaks gradually evolve and merge
into one, corresponding to a collective resonance mode
whose energy is dependent on LCP and RCP. Therefore,
we proposed an analytical model for the collective res-
onance mode of the infinite helical structure based on
the CDA method. Our results show that there exist
n collective modes of n fold-helical structure and each
mode has the azimuthal angle-dependent phase in the
form of exp(imϕi) , labeled by the azimuthal index of m.
To predict the collective resonance modes of helical gold
nanorod superstructures, we reported a selection rule for
the excitations of the collective resonance of the helical
superstructure, which may promote the designs and ap-
plications of such helical superstructures in future.
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APPENDIX: FEM SIMULATION AND CDA
MODEL
A. Finite element method (FEM)
In this work, Comsol Multiphysics was employed to
investigate the chiroptical response of the end-to-end as-
sembled nanorod helical structures. In these simulations,
the nanorod was modeled as a cylinder with two hemi-
spheres at both ends, and the diameter and length were
set at 12 and 40 nm respectively. The refractive index of
the ambient medium was set at 1.33.
B. Coupled dipole approximation (CDA)
In the CDA model, each gold nanorod is approximated
as a prolate ellipsoid. For simplicity, we only consider the
longitudinal oscillation of the ellipsoid, which can be rep-
resented by the longitudinal polarizability α0. By using
the Rayleigh-Gans Approximation, α0 polarizability can
be obtained as[78]
α0 =
3V
4pi
ε− εm
εm + (ε− εm)L, (25)
where V is the volume of the nanoparticle,εm is the di-
electric constant of the surrounding medium, and ε is the
dielectric function of gold. The depolarization factor is
defined as[78]
L =
1− e2
e2
[
1
2e
ln(
1 + e
1− e )− 1
]
, (26)
where the eccentricity e is defined as e =
√
1− b2/a2
, a and b are the major and minor radii of the el-
lipsoid, respectively. In the CDA calculation, we set
b = 6.1 nm, a = 3.65b to reproduce the spectrum of the
single nanorod calculated by the finite element method.
The Green tensor in Eq. (11) can be expressed as[79]
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G(rj , ri) =
exp(ikrji)
r3ji
[
1− ikrji
r2ji
× (3rjirji − r2ji)− k2rji × rji
]
, (27)
where rji = rj − ri, rji = |rj − ri|.
In the calculation of the summing parameter S for
the one-dimensional periodic helical structure, we trun-
cate the infinite sum of Eq. (10) by setting the interval
of N with N ∈ [−30, 30]. By solving these equations
for the unknown polarizations pj with tabled dielectric
function[80], the extinction cross-section and absorption
cross-section can be calculated as[79]:
Cext =
4pik
|Einc|2
∑
j
=(E∗inc,j · pj), (28)
and
Cabs =
4pik
|Einc|2
∑
j
{=[pj ·(α−1j )∗ ·p∗j ]−
2
3
k3pj ·p∗j}. (29)
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